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Abstract

We introduce a theory of polymorphic concurrent processes, which arises from an interpretation of second-order intuitionistic lin-
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theory, polymorphism accounts for the exchange of abstract communication protocols, and dynamic instantiation of heterogeneous
interfaces. Well-typed processes enjoy a strong form of subject reduction (type preservation) and global progress, but also termi-
nation (strong normalization) and relational parametricity (representation independence). The latter two properties are obtained by
adapting proof techniques in the functional setting to linear session types. Furthermore, we discuss a faithful encoding of System F
into our polymorphic session calculus.
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1 Introduction

This paper develops a logically motivated theory of impredicative parametric polymorphism for session types. Our
theory enables us to exploit behavioral genericity which, to the best of our knowledge, is novel in the realm of session-
typed concurrent processes.

In an ongoing research program [8129124/9123/[10], we have been investigating logical foundations for session-
based concurrency, based on a fresh interpretation of linear logical propositions as session types [19/21], sequent
proofs as m-calculus processes, and cut elimination as process communication. The result is a tight correspondence,
in the Curry-Howard style; well-typed processes enjoy strong forms of type preservation and global progress [819],
and are strongly normalizing [23]]. The key idea of our interpretation is to endow channel names with types (actually,
linear logic propositions) that describe their session protocol. This way, e.g., an assignment x: A—o B denotes a session
x that first inputs a name of type A, and then behaves as B on z; dually, x:A ® B denotes a session that first outputs
a name of type A and then behaves as B on x. Other linear constructors are also given compatible interpretations; in
particular, ! A is the type of a shared server offering sessions of type A.

The key novelty in the present work is the uniform extension of the system of [8]] with two new kinds of session
types, VX.A and 9X. A, corresponding to impredicative universal and existential quantification over sessions. We thus
focus on an another ambitious stepping stone of the correspondence: obtaining, by purely logical means, a natural
extension of session types with parametric polymorphism in the sense of the Girard-Reynolds polymorphic A-calculus
[26415]). In the extended interpretation, universal and existential quantification correspond to an input and an output of
a session type, respectively. This is rather remarkable: since session types denote communication protocol behavior,
parametric polymorphism in our setting accounts for a rather expressive form of abstract protocol communication. As
an example, consider the type:

AppStore £ VX .!(api—o X )—o! X

In our interpretation, this is the session type of a system which first inputs an arbitrary type (say FlightBroker); then
inputs a shared service of type api—o FlightBroker. Each instance of this service yields a session that when provided
with the implementation of an API will provide a behavior of type FlightBroker; finally becoming a persistent (shared)
server of type FlightBroker. The above type can be seen as an abstract specification of an application store service,
which first receives both a behavioral description and a concrete implementation of such a description, and then offers
that behavior persistently to any interested clients. The crucial combination of polymorphism and linearity allows
types to specify process behavior in a very fine-grained way: impredicative quantification enforces that the store
implementation must be agnostic to the specific behavior of the actual applications it will provide, while linearity
allows us to reason precisely about behavior and session usage (e.g., the only way the store can provide the behavior
X is by making use of session api—X).

A main research question standing is whether the techniques developed in [8I9123]] scale up to the case of paramet-
ric polymorphism, preserving the strong correctness properties well-typed processes enjoy (type preservation, global
progress, strong normalization). This paper develops the technical machinery to answer positively to this question. By
doing so, we further strengthen the logical foundations for structured communications, and contribute to the study of
the connections between logic and models of concurrency (e.g., [[1/41203]).

We summarize the structure and technical achievements of this paper:

1. In Section[2} building upon the developments of [8l9]], we define a system of polymorphic session-typed processes,
and establish its fundamental properties: subject reduction (type preservation, Theorem [2.T1]) and global progress
(Theorem [2.13)). We thus extend the results in [8/9] to the much more expressive setting of polymorphic sessions.
Examples of polymorphic processes are detailed in Section 3]

2. In Sectiond we prove strong normalization for well-typed polymorphic processes via linear logical relations/re-
ducibility candidates (Theorem [4.16). The proof relies on a natural generalization of the linear logical relations
introduced in [23].

3. Section [5 studies the behavioral theory of polymorphic session-typed processes. We prove a result of relational
parametricity (Theorem [5.16)) which allows for precise characterizations of behavior through typing, such as the
given above for the application store example. Moreover, we provide a sound and complete characterization of
contextual equivalence via logical relations (Theorems[5.19and [5.20).
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Fig. 1. Second-order Intuitionistic Linear Logic - Proofs.

4. Section[f]connects our work with impredicative polymorphism in the functional setting via an encoding of System
F which is proved to be faithful (Theorem [6.6).

Section [/|discusses related work, while Section [8| offers some concluding remarks.

2 Polymorphic session types

2.1 Second-order Intuitionistic Linear Logic

This presentation of second-order linear logic consists of a natural extension of a sequent calculus formulation of
linear logic known as DILL [2/11]. To handle the second-order quantifiers, we add an additional context {2 to our
sequent judgment that keeps track of predicate variables. Thus, our main judgment is of the form 2;I"; A+ D : A,
meaning that D is a proof of A, using the assumptions in A linearly (i.e., not subject to weakening or contraction),
the assumptions in I" in an unrestricted fashion and where (2 all the higher-order variables in the given proof. We
range over variables in A with x, y, z and over variables in I" with u, v, w. Since propositions have binding structure,
we define an additional judgment {2 = A prop, meaning that A is a well-formed proposition under the assumptions
recorded in 2. The rules for proofs and propositions are given in Fig.[l|and Fig. 2| respectively.

Theorem 2.1 (Regularity). If (2;I"'; A+ D : Aand 2+ A; prop for each assumption xz : A; € Aandu : A; € T,
then 2+ A prop.
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Fig. 2. Second-order Intuitionistic Linear Logic - Propositions.

2.2 The Process Model

We consider a synchronous 7-calculus extended with binary guarded choice, channel links, and type input and output
prefixes. The syntax of processes/types is as follows:

Definition 2.2 (Processes, Session Types). Given an infinite set A of names (x, y, z, u, v), the set of processes (P, @, R)
and session types (A, B, C) is defined by

Pu=2(y).P | a(y).P | lz(y).P | P|Q | (vy)P Y
| 2(A).P | 2(X).P | z.inl; P | z.inr; P | z.case(P,Q) | [z + 2]

Aw= 1| A~B | A®B | A&B | A®@B | 1A | X | YX.A | 3X.A

The guarded choice mechanism and the channel link construct are as in [8129123]]. Informally, channel links “re-
implement” an ambient session on a different channel name, thus defining a renaming operation (see below). Moreover,
channel links allow a simple interpretation of the identity rule. Polymorphism is represented by prefixes for input and
output of types, denoting the exchange of abstract communication protocols.

We identify processes up to consistent renaming of bound names, writing =, for this congruence. We write
P{x/y} for the process obtained from P by capture avoiding substitution of « for y in P, and fn(P) for the free
names of P. Session types are directly generated from the language of linear propositions. Structural congruence ex-
presses basic identities on the structure of processes, reduction expresses internal behavior of processes, and labelled
transitions define interaction with the environment.

Definition 2.3. Structural congruence (P = Q)), is the least congruence relation on processes such that

Plo=P (S0) P=,0Q=P=Q (Sa)
PlQ=QIP SIc) Pl@QIR)=({P|Q)IR (SIA)
(vz)0=0 (Sv0) z¢fm(P)= P| (vx)Q = (va)(P| Q) (Sv|)
(vz)(vy)P = (vy)(vz)P (Svv) [z < y] =y < 7] (S<)
Definition 2.4. Reduction (P — Q), is the binary relation on processes defined by:
(y).Q | x(2).P — Q| P{y/z} (RC) x(A).Q | z(Y).P — Q| P{A/Y} (RTC)
z(y).Q | lx(2).P = Q| Ply/z} | lz(2).P (R) (va)([z < y]| P)— P{ly/z}  (R&)
x.inl; P | x.case(Q,R) = P | Q (RL) x.inr;P | x.case(Q,R) — P | R (RR)
Q-Q=P|Q—>P|Q (R)) P—=Q= (vy)P — (vy)Q (Rv)

P=P.P5Q,Q=Q=P=Q  (R=)

A transition P % @ denotes that P may evolve to () by performing the action represented by label . In general,
an action « (@) requires a matching @ («) in the environment to enable progress. Labels include: the silent internal
action 7, output and bound output actions x(y) and (vz)x(z), respectively, and input action z(y). Also, they include
labels pertaining to the binary choice construct (x.inl, z.inl, z.inr, and x.inr), and labels describing output and input of
types (noted x(A) and x(A), respectively).

Definition 2.5 (Labeled Transition System). The relation labeled transition (P = Q) is defined by the rules in
Fig.[3| subject to the side conditions: in rule (res), we require y & fn(c); in rule (par), we require bn(a) Nfn(R) = 0;
in rule (close), we require y & fn(Q). We omit the symmetric versions of rules (par), (com), and (close).

We write p; po for the composition of relations p;, p2. Weak transitions are defined as usual: we write = for the
reflexive, transitive closure of —. Given « = T, notation == stands for =>->y=—> and == stands for =>.
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Fig. 3. w-calculus Labeled Transition System.

2.3 Type System

Our type system assigns session types to process communication channels. Our session type language (cf. Defini-
tion[2.2)) corresponds exactly to second-order linear logic, and our typing rules capture this correspondence in a precise
way. We define two judgments: 2; ;A - P :: z:A and 2 b A type. Context {2 keeps track of type variables that
can be introduced by the polymorphic type constructors; I" records persistent sessions u:[3, which can be invoked
arbitrarily often along channel u; A maintains the sessions x: B that can be used exactly once, on channel x. Thus, our
main typing judgment states that process P implements a session of type A along channel x, provided it is composed
with processes providing sessions linearly in A and persistently in I”, such that the types occurring in the judgment are
well-formed according to (2. Our second judgment, {2 - A type, defines well-formedness for types: it denotes that A
is a well-formed type with free variables registered in 2. The rules for type well-formedness are straightforward and
thus omitted.

The typing rules for our polymorphic session calculus are given in Fig.[d] We use 7', S for right-hand-side singleton
environments (e.g., z:C). All the rules pertaining to the propositional fragment are those introduced in [§]], extended
with context {2. The new rules explain how to provide and use sessions of a polymorphic type. We provide a session of
universal type VX . A by inputing an arbitrary type, bound to X, and proceeding as A, which may bind the type variable
X, regardless of what the actual received type is. Using a session of type V.X.A consists of the output of a type B—
well-formed under the current type context {2—which then warrants the use of the session as A{B/X }. The existential
type is dual: providing an existentially typed session 3.X.A is accomplished by outputting a well-formed type B and
then providing a session of type A{B/X }. Using an existential session 3X.A denotes inputing a type and then using
the session as A, agnostic to what the actual received type can be. Note that in the presence of polymorphism, the
identity rule (not present in [849], but used in [29124423])) is necessary, since it is the only way of typing a session with
a type variable. As usual, in the presence of type annotations in binders, type-checking is decidable in our system (we
omit these for readability). We are considering 7-calculus terms up to structural congruence, and so typability is closed
under = by definition. The system enjoys the usual properties of equivariance, weakening and contraction in I".

Theorem 2.6 (Coverage). If 2;'; A+ P :: z:Athenfn(P) C I'UAU{z}

We write 2> I (resp. 2 > A) to denote that the types occurring in I" (resp. A) are well-formed wrt the type
variables declared in {2 (resp. A).

Theorem 2.7 (Regularity). If 2;'; AF P :: z:A, 20> I'and 2> A, then {2 + A type.

2.4 Correspondence

It is easy to informally see the correspondence between our type system and the presentation of second-order linear
logic from the previous section. We make this correspondence precise by defining a mapping from linear logic proof
terms to processes. Given §2; I'; A = D : C we write D? for the translation of D such that £2; I'; A = D? :: z:C'. This
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Fig. 4. The Type System.

mapping is given in Fig. [5] (an inverse mapping can also be straightforwardly defined, but we omit it for the sake of
brevity).

Definition 2.8 (Typed Extraction). We write (2;I'; A+ D ~~ P :: 2:A, meaning “proof D extracts to P”, whenever
Q;0AFD:Aand I'; AF P z2Aand P = D>

2.5 Subject Reduction and Progress

We can show a strong form of subject reduction by showing a simulation between reductions in the typed 7-calculus
and proof conversions / reductions that arise naturally in proof theory (Theorem [2.TT)). The proof follows closely that
of [819], extending it with lemmas that relate process reductions with proof reductions at universal and existential

types.

Lemma 2.9. Assume

(a) ;1A = P:x:VX.B witth(ﬁA) P’ and 2+ A type

(b) 2:T; Ag,z :YX.B= Q:2:CwithQ ™S @ and 2+ A type



D ~ D? D ~ ﬁz
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Then:

Fig.5. Proof D extracts to process D>,

(¢c) ;T A1, Ay = (vz)(P' | Q)i 2: C

Proof. By simultaneous induction on D and E. See Appendix [A.T]|for details.

Lemma 2.10. Assume

(a) 2;1; Ay éP::x:3y:7’.Bwiz‘hPI£>4> P and 2 - A type
(b) Q;F;Ag,xzﬂy:T.BjQ::z:C’witth&)l) Q' and 2 - A type

Then:

(c) ;141,40 = (vz)(P'|Q):2:C

Proof. By simultaneous induction on D and E. See Appendix [A.2]for details.

O

Making use of lemmas of the form above, for each session type constructor, we can then show the following strong

subject reduction property.

Theorem 2.11 (Subject Reduction). Let 2; ['; AF D ~» P :: z:Aand P — Q. Then there is E such that D ===

Eand 'y AFE ~Q :: z:A

We also establish a global progress property for well-typed processes. Also in this case, the proof is an orthogonal
extension from that of [819]], requiring a series of simple inversion lemmas and a notion of a live process. For any P,

define

live(P) iff P = (vn)(r.Q | R) forsomew.Q,R,T

where 7.Q) is a non-replicated guarded process. We first establish the following contextual progress property, from
which Theorem [2.13|follows as a corollary.

Lemma 2.12. Let ;1 AF D ~~ P :: z:C. If live(P) then there is Q) such that either

1. P— Q, or

2. P % Q for awhere s(a) € (2, I, A). More: if C = A for some A, then s(a) # z.

Theorem 2.13 (Progress). If -;- =D ~» P:: x:1 and live(P) then exists Q st. P — Q.



3 Examples of Polymorphic Processes

We present two simple examples that illustrate some of the expressiveness we obtain via polymorphic sessions. First,
and in the line of standard presentations of polymorphic types, we describe a polymorphic implementation of booleans
as session-typed processes. Then, we develop the AppStore scenario sketched in the Introduction. Below, for the sake
of clarity, we abbreviate bound outputs along x as Z(y) and Z(y).([y <> w] | P) as z{w).P. Also, we will consider a
straightforward extension of our system with labelled n-ary choice.

Booleans. We develop a server that implements booleans and their primitive operations of conjunction and negation,
while keeping the actual representation of booleans abstract using an existential type. As a particular case, we will
consider a representation of booleans using the following types and processes:

Bool £ VX.(IX—o(IX—0X))

Ptrue, = 2(X).2(t).2(f).t(z) :: z:Bool
Pfalse, = 2(X).z(t).2(f).f(z) :: z:Bool
Pand, 2 z(u1).z(ue).u1{x).2(Bool).Z(y1).
('y1 (v).u2(v) |
Z(y2)-('y2(v).u1 (v)

Pnot, 2 z(2).2(X).z(t).2(f).x(X).2(f).z{t).[t < 2] :: 2:Bool—oBool

Above, Ptrue, is a process that encodes truth: along channel z, it will input a type X, two sessions ¢ and f of
type !X and will output on the first one (signaling truth). Similarly, process Pfalse, encodes falsehood: it performs the
same three inputs, and then outputs along the session f to signal falsehood. Process Pand, represents the encoding
of boolean conjunction: it inputs the two sessions encoding the booleans that are to be anded, and modulo some
bureaucracy due to the replicated processes, sends to the first boolean session the second one followed by the first. It is
easy to see this encodes conjunction correctly. Finally, process Pnot., is the encoding of boolean negation: it receives
the session encoding the boolean that is to be negated and then produces the encoding of a boolean where the ¢ and f
sessions mentioned above are flipped with respect to the originally received one, encoding its negation.

We can then produce a process with the following type:

TBoolS £ 3X.!(true : X, false: X,and : !X —(!X—X),not: X—X)

Intuitively, such a session type describes a persistent abstract service that offers as a labelled choice the boolean values
and the conjunction and negation operations. One possible process of this type is the following (using an extended case
construct):

PBoolS £ z(Bool).!x(z).z.case(true = Ptrue,; false = Pfalse.;
and = Pand;; not = Pnot.) :: z:TBoolS

A client can then use this service to provide a different service on abstract booleans:

TBoolOr
PBoolOr

3X I(true : X, false : X,or: | X—olX—X)

z(X) w(X).lw(y).y.case(true = T(v).v.true; [v ¢ y];
false = Z(v).v.false; [v <> yl;
or = y(b1).y(b2).Per) :: w:TBoolOr

L
Y

where P,, implements boolean disjunction using the DeMorgan duality of conjunction and negation, which are
available along channel z. Using cut, we can compose PBoolS and PBoolOr to produce a closed process providing a
session of type TBoolOr.
This illustrates how existential types, allow for representation hiding and provide a natural form of abstract service
composition, where a client can use abstract types to implement other services without ever knowing/exposing the
internal representation.



AppStore. We now revisit the example of the App Store and produce a process with the appropriate polymorphic type:
AppStore = VX .!(api — X) — !X
Such a process is (providing the App Store service along channel x):
2(X).a(y) Lo (w) y{v).v(a).(Papi | [w <> v])

where P, is a process implementing the App Store API along channel a. The AppStore expects a protocol description
X (a session type) and a session y, which is a persistent implementation of X that requires the API provided by the
Store. The Store process will then create a replicated service that can provide the behavior X after delivering to y the
API implementation that is represented by channel P,;.

A generic client for the App Store service (an App developer) using the store’s resources to provide some service
T (we assume the store is present along channel x):

AppDev = z(T).7(y).(\y(w).w(a).Sy | [z < 2])

where S, is a process implementing the service 7" along channel w, making use of the API provided by the App Store
along a. The client begins by sending the protocol T' to the App Store, followed by a session y that consists of a
persistent service, that when given the API will produce a session of type 7. After this communication step, the App
Store session now provides the full behavior of T" along x, and so the client forwards = along the endpoint channel z,
thus providing 7" along z by making use of the functionality provided by the App Store. We can then produce a typing
derivation for the following:

x:AppStore - AppDev :: 2:T

We can make the example more concrete, by providing specific instance of T, a pdf translation service trans. This
service takes a file and generates a pdf version of the original file (e.g. performing OCR on images and generating the
pdf of the text):

trans £ file — (pdf ® 1)

Our system can also capture a richer App Store service, that provides its API but forces the resulting service to
support the App Store by adding ads to the service. We can encode such a revised App Store with the following type:

AppStoreAds £ VX .!(api — X) —o (X & AdListings)

where the type AdListings encodes a listing of advertisements that the App Store injects into the service (we encode
this injection as a choice — & — to model the ability of a client to choose to view an advertisement). Its straightforward
to see how this mechanism can be extended with further functionality (e.g. providing the App Developer with a special
administrator service that is then not exposed to the external clients).

4 Strong Normalization of Polymorphic Processes

Here we develop a theory of linear logical relations for polymorphic, session-typed processes. It corresponds to the
orthogonal extension of the linear logical relations introduced in [23] to a polymorphic setting. Our main result is a
proof of strong normalization (termination) of well-typed processes (Theorem .16). As usual, the proof proceeds in
two stages: we first define a logical predicate by induction on the linear type structure; then, we show that all well-typed
processes are in the logical predicate.

4.1 Auxiliary Definitions

Before introducing the logical predicate, we present some auxiliary definitions. We say that a process P terminates
(written PJ}) if there is no infinite reduction sequence starting with P. We require an extension to structural congruence
that includes the so-called sharpened replication axioms [28]].



Definition 4.1 (Extended Structural Congruence). We define extended structural congruence = as the least con-
gruence on processes generated from the rules of Def.[2.3|and the following axioms:

1. (vu)(tu(2).P | (vy)(Q | R)) = (vy)((vu)(tu(z)-P | Q) | (vu)(tu(z).P | R))
5 (u)(tu(y).P | (vo)(to(2).Q | R))

' =1 (v0)((v(2).(vu) (tuly).P | Q) | (vu)(tu(y).P | R))
3. (vu)(lu(y).Q | P)= P ifud fn(P)

Intuitively, axioms (1) and (2) represent the distribution of shared servers among processes, while (3) formalizes the
garbage collection of shared servers which can no longer be invoked by any process. It is worth noticing that these
axioms express sound behavioral equivalences in our typed setting.

We now state some auxiliary properties regarding extended structural congruence, reduction and labelled transi-
tions which are useful for our development.

Proposition 4.2. Let P and QQ be well-typed processes:

1. If P — P’ and P = Q then there is Q' such that Q — Q' and P' =, Q'.
2. IfP 3 P’ and P =, Q then there is Q' such that Q = Q' and P’ =, Q'.

Proposition 4.3. If P || and P =, Q) then Q ).

Following Girard’s proof technique for System F [[17], we first define a notion of reducibility candidate at a given
type: this is a predicate on well-typed processes which satisfies some crucial closure conditions. As in Girard’s proof,
the idea is that one of the particular candidates is the “true” logical predicate. Below and henceforth, - = P :: z: A
stands for a process P well-typed under the empty typing environment.

Definition 4.4 (Reducibility Candidate). Given a type A and a name z, a reducibility candidate at z : A, written
R[z:A], is a predicate on all processes P such that - = P :: z: A and satisfy the following:

1. If P € R[z:A] then P|.
2. If P € R[z:A] and P = P’ then P’ € R[z:A].
3. Iffor all P; such that P = P; we have P; € R[z:A] then P € R[z:A].

4.2 The Logical Predicate

The logical predicate is parametrized by two mappings, w and 7. Given a type variables context {2, we write w : {2 to
denote that w is an assignment of closed types to variables in {2. We write ) : w to denote that 7 is an assignment of
functions taking names to reducibility candidates, to type variables in {2 (at the types in w). This is the key difference
from known logical relation arguments for functional languages with impredicative polymorphism, where types are
assigned to ferms and so one maintains a mapping from type variables to reducibility candidates at the appropriate
types. In our setting, since types are assigned to channel names, we need the ability to refer to reducibility candidates at
a given type at channel names which are yet fo be determined. As an example, consider a session z of type V.X. X — X,
which is implemented by a process z(X).z(z).[x > z]. When we expand the definition of the logical predicate at this
type, we will need to consider the type variable X both as the type for x and as the type for z, after the two inputs
take place, thus needing reducibility candidates at the appropriate type for both names. However, when we define
the case for the logical predicate for polymorphic types (in this case, VX.X—X), we have no a priori knowledge
as to what will be the names on which we will need candidates—this can only be known in the case for the type
variable. Therefore, when we quantify over all types and all reducibility candidates at that type, intuitively we need to
delay the choice of the actual name along which the candidate must offer the session type. A “delayed” reducibility
candidate at type A is denoted as R[—:A], where — stands for the name which will be instantiated at a later time. In
the previous example, it is important to observe that we are dealing with a single reducibility candidate for type X that
is instantiated with two different names x and 2z (which can be thought of “ports” for the reducibility candidate).

For the reader concerned with some foundational issues that may lurk in the background of this slightly non-
standard presentation, note that we are still in the same realm (outside of PA5) as in Girard’s original proof. Quot-
ing [17]:



P e TP[=X] iff P € n(X)(2)
Pe T lz1]iff VP'.(P= P' AP /)= P =10
P e T [z:A—oB] iff VP'y.(P 22 P') = VQ € T [y:Al.(vy)(P' | Q) € Ty [2:B)]
PeTel=A® B iff vP'y. (P VY ply
3P1,P2.(P, = P | PoA\P; € W[yA] NPy e nw[ZBD
P e TP [z A iff VP (P = P') = 3P,.(P' = 12(y).Py A Py € T [y:A)

P e T¥[zA& B iff (VP .(PZ2 P') = P’ € T°[2:A]) A
(VP.(P S P') = P e T[2:B])
PeT¢zA® Bliff (VP .(PZ2L P') = P’ € T [2:A]) A
(VP (P E% Py = P/ € T’ [=:B])
P e T [=VX. A iff (VB, P',R[~:B]. (Btype AP 22 Py = P/ e TSP | [2:4])
(

P e Ty [z3X.A] iff (3B,R[—B.(B type A P 22 P') = P/ e TS0 | [2:4))
Fig. 6. Logical Predicate - Base Case

We seek to use “all possible” axioms of comprehension, or at least a large class of them. [...] to interpret the
universal quantification scheme ¢ U, we have to substitute in the definition of reducibility candidate for ¢, not
an arbitrary candidate, but the one we get by induction on the construction of U. So we must be able to define
a set of terms of type U by a formula, and this uses the comprehension scheme in an essential way.

In our setting, intuitively, we characterize a set of terms of type U by a slightly different, yet just as reasonable formula,
making use of comprehension in a similar way.

We write w[X — A] to denote the mapping w extended with a new mapping of X to A. We use a similar notation
for extensions of 7. We write w(P) (resp. w(A)) to denote the application of the mapping w to free type-variables in
P (resp. in A).

We define a sequent-indexed family of process predicates: a set of processes 7, [['; A T] satisfying some
conditions is assigned to any sequent of the form (2; I'; A + T, provided both w : 2 and 7 : w. The predicate is
defined inductively on the structure of the sequents: the base case considers sequents with an empty left-hand side
typing (which we abbreviate to 7,°[T'] for readability), whereas the inductive case considers arbitrary typing contexts
and exploits principles for typed process composition.

Definition 4.5 (Logical Predicate - Base Case). For any type A and name z, the logical predicate T,° [2:4] is in-
ductively defined by the set of all processes P such that - & O(P) :: z:0(A) and satisfy the condm(ms in Figure @

Definitions [4.5] and [4.6] are the natural extension of the predicate given in [23]] to the case of impredicative poly-
morphic types. Notice how the interpretation of the variable type includes the instantiation at name z of the reducibility
candidate given by n(X). The clause for the universal ¥X.A denotes that a terminating session of universal type must
be able to input any type and then be terminating at the open type A, where the meaning of the type variable can be
any possible candidate of appropriate type (which includes the actual logical predicate). The clause for the existential
is dual.

Definition 4.6 (Logical Predicate - Inductive Case). For any sequent 2;I"; A = T with a non-empty left hand side
environment, we define T,° [ AE T) (withw : £2 and n : w) as the set of processes inductively defined as follows:

Pe Tl y: A ARTLiff VR € T,7[y:Al.(vy) (@(R) | @(P)) € T [ A - T
P e TywA I ART]if YR € T [y: Al (vu) (fu(y) ©(R) | ©(P)) € T[T AT
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4.3 Proving Termination

In proofs, it will be useful to have “logical representatives” of the dependencies specified in the left-hand side typing.
Recall that notation {2 > I" concerns well-formedness conditions wrt type variables (cf. Theorem [2.7).

Definition 4.7. Let I' = u1:B1, ... ,ug: B, and A = x1: Ay, ..., x,: A, be a non-linear and a linear typing environ-
ment, respectively, such that 21> A and Q> I, for some (2. Letting I = {1,... k}and J={1,...,n},w: 2, n: w,
we define the sets of processes C;7" and C™" as

com [T tuslw) &(Ro) | Ri € TEweBil} €4 L { T @(Q)) 1Q; € Telay:Ay]}
el JeJ

Proposition 4.8. Let ' and A be a non-linear and a linear typing environment, respectively, such that 2> I" and
Qv A, for some (2. Assuming w : 2 and 1) : w, then for all Q € C;" and for all R € C\", we have Q || and R ).
Moreover, (Q /.

The following lemma formalizes the purpose of “logical representatives”: it will allow us to move from predi-
cates for sequents with non empty left-hand side typings to predicates with an empty left-hand side typing, provided
processes have been appropriately closed.

Lemma 4.9. Let P be a process suchthat 2; I'; A P T,withl = up:By, ..., up:Byand A = x1:Aq, ..., x,: Ay,
with Q> A, Qo T, w: 2, andn : w.
We have: P € T,*[I'; AR T iff VQ € Cp",VR € CR", (v, z)(P | Q | R) € T*[T].

Proof. Straightforward from Def.[4.6|and [4.7] O

Theorem 4.10 (The Logical Predicate is a Reducibility Candidate). If {2 - A type, w : §2, and 1 : w then T, [2: 4]
is a reducibility candidate at z:0(A).

Proof. By induction on the stricture of A; see Appendix [B|for details. a

Theorem 4.11 (Compositionality). For any type B, the following holds:

Pe Tt P o A] iff P e T :A{B/X})

»—>T“

Proof. By induction on the structure of A.

Case: A=X
Pe T”XX:,;UW(B)] ) [@:X] assumption
PenX— T“[Z.B]](X)(x) by Def. &3]
P e T [x:B] by Def. of n
P e Ty[x:B] assumption
(Xa(B) .
TS: Pe TRl ex]
STS: P e T2 [x: B] follows by assumption

Case: A=VY. A

Pc T”XX:;L(B)] By [0 VX Ad] by assumption
VO, PR~ : C]. (C type A P29 Py = P' ¢ ﬁxx:fff):’;?ﬂm_:c”[x:Al] by Def. B3]
Choose P’ arbitrarily, such that P CE(:>C) P/, for any C type and R[—:C]:

Pre Tl oplw A {B/X ] by i.h.

11



P e Tye:vX. A{B/X}] by Def.[4.5] satisfying =

P e TPxVY. A {B/X}] by assumption
VO, PR~ : O). (Ctype AP 2D P) = P e T 00 L (24 {B/ X)) by Def. {3
Choose P’ arbitrarily, such that P CE(:>C) P/, for any C type and R[—:C]:
X—&(B),Y—C .
7‘(?)[(:7% ; ]?/H]R[ ][ﬂfiAl] by i.h
Pe TUXX:;L(B)] [x:VX.A] by Def. [4.5] satisfying <
All other cases are similar to the above, following by a straightforward induction.
O
Lemma 4.12 (Renaming). Let A be a well-formed type. If P € T °[2:A] then P{z/z} € T;*[x:A].
Proof. Immediate from the definition of the logical predicate. a

Lemma 4.13 (Weakening). Let P, Q) be processes such that P € T[T and Q € T;’[— : 1]. Then (P | Q) € T°[T]

Proof. By induction on the structure of 7', following the lines of [23]]. First, it is worth observing that P € 7:,“ [T] and
Q € T[] imply ;- = P :: T and -;- = @ :: —:1, respectively. Hence, we can derive the typing ;- = P | Q =: T
(cf. the derived rule (comp)). In fact, the type of () indicates it cannot offer any visible action to its environment, and
so it is “independent” from it.

If T'= — :1 then P | @ represents the parallel composition of two terminating processes that cannot interact with
each other. Hence, for all R such that P | Q@ = R and R /> we have that R =, 0, and so P | Q € T,°[—:1]. The
cases in which T# — :1 rely on the fact that if P == P’ then there exists a process R such that P | Q == R.
The proof is by induction on & = mlen@. If & = 0 then ) % and for every weak transition P == P’, we have
P|Q = p | @ = R. In the inductive case, we assume & > 0, and so reductions (or the action «) from P
may go interleaved with reductions from Q. Given P == P’ then by induction hypothesis there is an R’ such that
P|Q = P'|Q = R/, with Q reducing to @’ in k — 1 steps. Then, if Q' =, Q" we would have P | Q ==
P'| Q" — P’ | Q" which is equivalent to write P | Q == R, with R = P’ | Q”, and we are done. Finally, we
observe that, given P == P’, process @ (and its derivatives) pose no difficulties when decomposing P’ into smaller
processes (in the case T = 2:A ® B, for instance). Hence, we can conclude that if P € 7,°[T] then P | Q € T,°[T],
as desired. O

Lemma 4.14 (Strengthening). If P < 7'“[) (X B] v:Aland X & fu(A) then P € T [z : Al

xRl

Proof. Straightforward by induction on A. a

Theorem 4.15 (Fundamental Theorem). If (2; I'; A & P :: T then, for all w : (2 and 1 : w, we have that &(P) €
TP AT

Proof. By induction on typing. The proof is identical to that in [23]], with two extra cases for VR and VL. We appeal to
Lemmaand show that every M = (vu,z)(P | G | D) with G € C;" and D € C1" is in 7,*[T]. We show only
the interesting new cases.

Case (TVR): ;T AF 2(X).P:: 22VX.A

2, X;I'; AP z:A by inversion
w(P){B/X} € %‘f,/ [ AF /z{l] by i.h., for some B, w’ = w[X + Bl andn’ = n[X — R[—: B]]
Pickany G € C;7"", D e C{":

Gl,GA/=,DI] by Prop. i.§]
(vu,7)(w(P){B/X} |G| D) e 7:7%” [2:4] (a) by Lemma.9]

ST.S: M = (vu,z)(w(2(X).P) | G | D) € T?[2:VX.A]

12



M 22 (i, H)(@(P){B/X} |G| D) = My

M, € T“’ [2:A] by (a) and forward closure
M e T“J [2:VX.A] by Def. 4.3
M e T“’ [2:VX.A] by Lemma[4.14]

Case (TVL): ;I A,z :VX.AFx(B).P:: T

2+ B type by inversion
2;0A,2: A{B/X}FP =T by inversion
w(P) e Ty Az : A{B/X} FT] by i.h.
Pickany G € C7", D € C{™:

G|,G /~,D| by Prop. 8]
(v, 7)(@(P) | G| D| Tele : ALB/XY]) € T2[T) (@) by LemmafE)

S.TS: (vu,z,x)(w(z(B).P) | G | D | T, [z : VX.A]) € T, [T]
Pick R € T [2:VX.A]
ST.S: M = (vu,z,z)(z(w(B)).w(P)) |G| D|R) € T, [T]

R g by Theorem#.10]and XYZ
X—w
VR[-: @(B)].R € TOE)[(.:I; (B)]] [z:4] by Def. f.5]
[X—a(B
R e T“[’X:Tw([ )]B]][m.A] by Theorem [.10]
R €Tz A{B/X}] by Theorem [.1T]
M:(uumw)(()\G|D’\R’) M,y
My € T2[T by (a) and forward closure
M e T2[T by backward closure

Case (T3R): ;1 AF 2(B).P:: z:3X.A

;AR P 22 A{B/X} by inversion
2+ B type by inversion
&(P) € T2 A 2 A{B/X}] by i.h.
Pickany G € C7", D € C{™:

G|,GA/=,D| by Prop. 4.§|
M, = (vu,z)(w(P) | G| D) € T[2:A{B/X}] (a) by Lemma.9]
S.T.S: (vu,2)(w(2(B).P) | G | D) € T,0 [z 3X.A]

S.T.S: M = (v, Z)(2{(w(B)).w(P) | G | D) € Ty [z:3X.A]

S.T.S: 3CR[—C)L.(C type A M 22 Py = PP e T [224)

STS: IC.R[—: CL.(C type A M 2L Py = P e T [2:A{C/X )] (b) by Theorem A-TT]
Pick C' = @(B) and R[— : CTas T[— : w(B)]

M i 5 @(P) | G| D)
My = (vu, z)(@(P) [ G | D')
(vu,z)(@(P) | G | D') € T [z:A{B/X}] by forward closure, satisfying (b)

Case (TAL): ;A2 3X A x(X).P T

X I'A,x: AP T by inversion
w(P){B/X} € 7:7‘7’/ [ A z: AT by i.h., for some B, w’ = w[X — B]and ' = n[X — R[—:B]]
Pick any G € C7", D € C{™:

G|,GA/=,D| by Prop. 4.§|
(vii, 7, 2)(@(P){B/X} | G | D | T¥ [x:4]) € T4'[T)] (a) by Lemma[f-9|

Pick R’ € 7'“’ [x:A]:
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(vii, 7, 2)(@(P){B/X} |G | D | R') € T¢'[T]
S.T.S: (vu, 7, x)(x(X).w(P) | G | D | T,°[»:3X.A]) € T,”[T]
Pick R = x(B).R/

RYE R and R € T [2:4]

R e Ty [z:3X.A]

ST.S: M = (vu,z,z)(x(X).w(P) |G| D|R) € ’C,”[T]
M= (f/ﬂ,%,x)(cb(P){B/X} |G| D|R)eTy[T]
M e T3 [T]

M e T[T

Case (Tid): ;[ x:Ab [z 2] = 22 A

Pick any G € C;":

Gl,G+—

D e T [z:A]

ST.S: M = (vu,z)([z < 2] | G | D) € T[2:4]
M — (va)(G{z/x} | D{z/z}) = D{z/z} = M’
M e T [z:4]

M € TP [z:A]

[z 2] e To: Al 21 A]

(b) by (a)

by Def. {.3]

(c) by (b)
by backward closure and (c)

by Lemma

by Prop. [4.§]
(@)

(b) since = & fn(G)

(¢) by (a) and Lemma[d.12]
(d) by (b), (c), and backward closure

We state the main result of this section: well-typed polymorphic processes terminate.

Theorem 4.16 (Termination). If 2; I'; A+ P :: T then &(P){, for every w : (2.

Proof. Follows from previously proven facts:

;AP T

W(P) e TY[IART], forallw: 2,7 w
Pick any G € C7", D € C{™:

G, Dl

(vu,2)(@(P) | G| D) € T,°[T]
(va,z)(w(P) | G| D)

@(P)|

5 Relational Parametricity for Session-Typed Processes

by (d) and Lemma[.9)]

O

[Assumption] (a)

[By Theorem and (a)] (b)
[By Prop [4.8]] (©

[By Lemmaf4.9|on (b)] (d)
[From (d) and Def[.3]] (e)

[Consequence of (c) and (e)]

We present a behavioral theory for polymorphic session-typed processes. First, we define a typed variant of barbed
congruence, =2, the usual notion of contextual equivalence in concurrency. We then introduce logical equivalence,
~1, the natural extension of 7, [I"; A + T to the binary setting. Using a2, we prove a parametricity result for well-
typed processes (Theorem [5.16)), along the lines of Reynold’s abstraction theorem [27], which allows us to ultimately
show that ~;, and = coincide (Theorems [5.19]and [5.20). Below, we follow closely the presentation by Harper [18] for

System F.
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5.1 Barbed Congruence

Barbed congruence is defined as the largest equivalence relation on processes that is (i) closed under internal actions;
(ii) preserves barbs— arguably the most basic observable on the behavior of processes; and is (iii) contextual, i.e.,
preserved by every admissible process context. We will now make these three desiderata formally precise, extending
barbed congruence to our typed-setting through a notion of type-respecting relations. Below, we use S to range over
sequents of the form I'; A+ T.

Definition 5.1 (Type-respecting relations). A (binary) type-respecting relation over processes, written {Rs}s, is
defined as a family of relations over processes indexed by S. We often write R to refer to the whole family. Also, we
write (; I'; A= PRQ ::T to mean that

(i) ;AP =Tand 2T AFQ 2 T,
(ll) (P7 Q) S RQ;F;AFT-

We also need to define what constitutes a type-respecting equivalence relation. In what follows, we will always
assume type-respecting relations and ommit the adjective “type-respecting”.

Definition 5.2. A relation R is said to be

— Reflexive, if 2;'; AF P :: T implies 2, '; AF PRP::T;
— Symmetric, if 2; I'; A+ PRQ ::T implies ;' AFQRP::T;
— Transitive, 2; ;A PRP =T and 2; ;AP RQ T imply ;A PRQ::T.

Moreover, R is said to be an equivalence if it is reflexive, symmetric, and transitive.
We can now define the three desiderata for barbed congruence: 7-closed, barb preserving and contextuality.

Definition 5.3 (7-closed). A relation R is T-closed if 2;I'; A = PRQ :: T and P — P’ imply there exists a Q'
suchthat Q = Q" and 2;'; AF PRQ :: T.

The following definition of observability predicates, or barbs, extends the classical presentation with the observ-
ables for type input and output:

Definition 5.4 (Barbs). Given a name x, let O, = {T,z,x.inl,z.inr, z.inl, z.inr} be the set of basic observables
under x. Given a well-typed process P, we write:

(vy)z(y)

|
jon
]
lon
~
8l
\
~

)i P ED, pr,
), if P =), P, for some A, P’;
)
)

| |
o O
L L
= =
2222 =
Bc B
8 8 8

Jif P EiSON P, for some A, P’;

,if P EAON P, for some y, P';

|
o
9]
2
o

Given some o € O, we write wbarb(P, 0) if there exists a P’ such that P = P’ and barb(P’, 0) holds.

Definition 5.5 (Barb preserving relation). A relation ‘R is a barb preserving if, for every name x, 2;I'; A+ PRQ ::
T and barb(P, o) imply wbarb(Q, o), for any o € O,.

In preparation to the definition of contextuality, we introduce a natural notion of (typed) process contexts. Intu-
itively, a context is a process that contains one hole, noted e. Holes are typed: a hole can only be filled in with a process
matching its type. We shall use K, K, ... for ranging over properly defined contexts, in the sense given next. We rely
on left- and right-hand side typings for defining contexts and their properties precisely. We consider contexts with
exactly one hole, but our definitions are easy to generalize.

We define a minimal extension of the syntax of processes with e. We also extend sequents, in the following way:

H; 2T AFK 2 S
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Intuitively,  contains a description of a hole occurring in (context) K: we have that .. ar7; §2; I A'F K 2 S'is
the type of a context K whose hole is to be substituted by some process P such that I'; A+ P :: T. As a result of the
substitution, we obtain process §2; I'; A’ = K[P] :: S. Since we consider at most one hole, H is either empty or has
exactly one element. If H is empty then K is a process and we obtain the usual typing rules. We write £2; I'; AF R:: T
rather than -; §2; I'; A = R :: T'. The definition of typed contexts is completed by extending the type system with the
following two rules:

QAR T egparrm ;A K S
Thole O A F KR =S THill

.Q;[‘;AFT;Q%F;A'_ o:: T

Axiom (Thole) allows to introduce holes into typed contexts. In rule (Tfill), R is a process (it does not have any
holes), and K is a context with a hole of type 2; I'; A F T'. The substitution of occurrences of e in K with R, noted
K[R] is sound as long as the typings of R coincide with those declared in A for K.

Definition 5.6 (Contextuality). A relation R is contextual if it satisfies the conditions in Figure[7](Page[I7).
Having made precise the necessary conditions, we can now define barbed congruence:

Definition 5.7 (Barbed Congruence). Barbed congruence, noted =, is the largest equivalence on well-typed pro-
cesses that is T-closed, barb preserving, and contextual.

5.2 Logical Equivalence

We now move on to define a notion of binary logical equivalence relation for well-typed processes: it arises as a natural
extension of the logical predicate of Section[d]to the relational setting. It can be also seen as the natural generalization
of the typed bisimilarity introduced in [23]]. Using this logical equivalence, we show that it is possible to precisely
characterize barbed congruence (=2, cf. Definition [5.7), therefore setting logical equivalence as a sound and complete
proof technique for barbed congruence. We begin by defining the crucial notion of equivalence candidate. Equivalence
candidates consist of equivalence relations between well-typed processes satisfying certain basic closure conditions.

Definition 5.8 (Equivalence Candidate). Letr A, B be types. An equivalence candidate R at z:A and z:B, noted
R :: z:A < B, is a binary relation on processes such that, for every (P,Q) € R :: z:A <> Bboth -+ P :: z:A and
-+ Q :: z:B hold, together with the following conditions:

L If(PQYER:2zA< B -FP2P = zA and-+-Q=2Q :: z:Bthen (P',Q') € R:: z2:A+ B.
2. If (P,Q) € R :: z:A <> B then, for all Py such that Py = P, we have (Py,Q) € R :: z:A < B. Similarly for
Q:If (P,Q) € R :: z:A + B then, for all Qq such that Qo = Q then (P,Qy) € R :: z:A + B.

We often write (P,Q) € R :: z:A+> Bas PRQ :: z:A + B.

Definition [5.8] follows closely the presentation by Harper [18]]. Observe the use of barbed congruence in item (1),
representing the fact that equivalence candidates are closed wrt 2. Item (2) can be shown to be redundant. As in our
definition of logical predicate, we require some auxiliary notation. We recall that w : {2 denotes a type substitution
w that assigns a closed type to type variables in (2. Given two type substitutions w : 2 and w’ : 2, we define an
equivalence candidate assignment 7 between w and w’ as a mapping of a delayed (in the sense of the mapping 7 of
Section [4) equivalence candidate 7(X) :: —w(X) + w'(X) to the type variables in {2. We write 7(X)(z) for the
instantiation of the delayed equivalence candidate with the name z. We write 7 : w <+ w’ to denote that 7 is a (delayed)
equivalence candidate assignment between w and w’.

We define a sequent-indexed family of process relations, that is, a set of pairs of processes (P, Q), written I'; A -
Py QT w + W', satisfying some conditions, is assigned to any sequent of the form 2; I'; A - T, with w : (2,
w' : 2 and n : w <> W'. The relation is defined inductively on the structure of the sequents, similar to the definition
of the logical predicate for termination, with a base case which considers empty left-hand side typings (abbreviated to
P~y Q ::T[n: w4 '), and an inductive case which considers arbitrary typing contexts.
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A relation R is contextual if

0. ;A PRQ =y:Aand 2; [ y:A b [y < 2] 2 z: A imply
2T Ak wy)(P | Iy © )R u)Q | [y 2]) = #A
1. ;A y:AF PRQ :: x:Bimplies 2; I'; AF x(y). PR x(y).Q :: 2:A—B

;A PRQ :y:Aand ;T3 A= SRT :: x:B imply
DT A, A F (vy)aly) (P | S)R (v)a(y) (@ | T) = w:A® B
3. ;A -PRQ :x:Band ;T A’ - SRT :: y: B imply
QiT A A F (vy)a(y)(S | PR y)a(y)(T | Q) s w:A @ B
4. QT AFPRQ = x:Aand 2; 1A' - SRT :: x:B imply
2;I'; A+ z.case(P,S) Rx.case(Q,T) :: x::A& B
5 ;A PRQ :x:Band 2; ;A= SRT :: z:A imply
2;I'; A+ z.case(S, P) Rx.case(T,Q) :: x::A& B
6. ;I AFPRQ :: x:Aimplies 2; I A z.inl; PR z.inl; Q :: x:A® B
7. ;AR PRQ :: x:Bimplies 2; I'; A F z.inr; PR x.inr Q - x:A® B

8. ;I AF-PRQ::x:Aand 2;; A", x: A+ SR H :: T imply
;T A A F(wa)(P|S)Rw)(Q | H) =T
9. ;A v:AFPRQ:Tand 2; ;A" = SR H :: x: A imply
QT AA R (va)(S | P)R(wa)(H | Q) =T
10. ;I PRQ ::y:Aand 2; I u:A; A SR H :: T imply
;A (vu)(lu(y).P | S) R (vu)(lu(y).Q | H) = T
1. ;TN uwA; A PRQ ::Tand ;- SRH :: y: A and imply
2,7 AF (vu)(lu(y).S | P)R (vu)(lu(y).H | Q) =T
12. ;0 wA; AF P{u/z} RQ{u/x} :: T implies 2; I'; A, z:!AF PRQ = T
13. ;7;-F PRQ :: y:Aimplies £2;T'; - Flz(y). PR z(y).Q :: z:!A
4. ;A y:A,z:BE PRQ :: T implies 2, I'; A,z:A® B+ z(y).PRz(y).Q = T
15. ;A PRQ y:Aand 2; 1 A’y x:BF SR H :: T imply

2.1 A, A,z A—B b (vy)e{y).(P | S) R (vy)ely)(Q | H) =
16. ;T A,x:BFPRQ ::Tand 2; ;A= SR H :: y:Aimply
2.1 A A A—B F (wy)aly).(P | S) R (vy)a(n)(Q | H) =
17. ;N wA; A y:AF PRQ :: T implies 2; I'w:A; A F (vy)u(y). PR (vy)u(y).Q = T
18. ;I Ax:AFPRQ =T and ;1 A,x:BF SR H :: T imply
2, A,x:A® BF xz.case(P,S)Ruz.case(Q,H) : T
19. ;I A,2:BF PRQ = Tand.QFAxAI—S’RH T imply
2, A,x:A® BF z.case(S, P) Rx.case(H, Q) ::
20. ;T A,2:AFPRQ :: TlmpllesQFAxA&Bl—xmlP’melQ T
21. ;7 A,x:BE PRQ :: Timplies 2; I'; A, 2:A & B F z.inr; PR z.inr; Q == T
22. 2, X;TAFPRQ = zzAimplies 2; I AF 2(X).PR2(X).Q :: 2VX.A
23. ;1A PRQ :: 22:A{B/X}and 2+ B typeimply 2; I'; A+ z(B).PR 2(B).Q :: z23X.A
24. ;A2 : A{B/X}FPRQ :: T and 2 - B type imply
;A2 : VX AF 2(B).PRx(B).Q =T
25. 2, X;TA,x: AF PRQ :: Timplies 2; I'; A,z : 3X.AF z(X).PRz(X).Q = T

Fig. 7. Conditions for contextual type-respecting relations (see Deﬁnition@)

Definition 5.9 (Logical Equivalence - Base Case). Given any type A and mappings w,w’, n, we define logical equiv-
alence
PrpQiziAln:w

as the largest binary relation that contains all pairs of processes (P, Q) such that (i) - = @(P) = z:w(A); (ii)
F@(Q) i 2:0'(A); and (iii) satisfies the conditions in Figure|8|(Page[I8).

Definition 5.10 (Logical Equivalence - Inductive Case). Let I, A be non empty typing environments. Given the
sequent 2; I'; A+ T, the binary relation on processes I'; A F P ~p Q = T[n : w < '] (with w,w’ : 2 and
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Pr Q2 X[n:werw] iff (P,Q) € n(X)(2)
PrrQuzlln:wed]iff VP ,Q.(P=P AP /Ao NQ=Q NQ /)=
(PP=0AQ =0)
Py Q: 2:A—oB[n: werw'] iff VP y. (P 2w, P)=3Q'.Q 2 Q' s
VRi,Ro. Ri =L Ry it y: Al :w < w}
() (P | Ri) = (v)(@ | Ra) = 2:Bln: we]
P~y Qi 22A® B werd] iff VP y. (P % P =3Q'.Q pzv) Q' s.t
VRi,R2,n.y:AF R~y Re = n:l[n:w > w'}
() (P | Ry) m (m)(@ | Ra) = 2:Bln: w ]
Pry Q: zlA: wisd] iff VP L.(P 2 Py = 30" .0 2L Q' A
VRi,Ra,n.y:AF Ry~ R :niln: w(—)w’]
() (P | Ba) ~a (p)(@' | Ra) = 2 Al ]
P~y Q:2z:A&Bln: w(—)w/] iff
(VP (P Z2 Py = 3Q(QEE Q' AP ~ Qi A werw])) A
(VP (P2 P = 3Q . (QEE QAP ~ Qi 2B : werw']))
P~y Qi 22A® B :w W iff
(VP (P E% P = 3Q (QEE QAP ~u Q= Al : werw]) A
(VP.(P 2™ P = 3Q'.(QES Q' AP ~ Q 2B : wesw]))

Pay Qo 2VX.Aln: wesw] iff VBy, Ba, PR = —:By ¢ Bao.(P 22 Py =

3Q'.Q 2 Q' P ar Qi mAI[X = R] : w[X > Bi] ¢ W'[X > B
Py Q23X A werw'] iff 3B1, B2, R 2 —:By < Ba.(P 2B, ply =
EQ QZ<B

Fig. 8. Logical equivalence (base case). See Definition 5.9}

= Q, P~ Q 2 AMX = R]: w[X = Bi] & w'[X — By

1 :w <> W) as is inductively defined as follows:

A y: A PrpQuTn:w<+ W) iff VR, Re. s.t. Ry =1 Ry i y: Al w < '],
IAE (vy)(@(P) | w(Ry)) = (vy)(@'(Q) [ @' (R2)) = Ty : w 4 W]

Nu: A;AF P~ Q::Tn:w <+ W) iff YRy, Ra.s.t. Ry =1 Ry :: y:A[n : w & W],
AT () (G(P) | Wul(y)2(Ry)) = ()@ (@) | tu(y) &/ (Ra)) = Tl w 6 o

This way, logical equivalence turns out to be a generalization of the logical predicate 7, [I'; A + T (Defini-
tionf4.3)) to the binary setting. The key difference lies in the definition of candidate (here called equivalence candidate),
which instead of guaranteeing termination, enforces closure under barbed congruence.

5.3 Parametricity and Coincidence Results

We are in place to state a parametricity result in our setting. The theorem below is the binary analog of the Fundamental
Theorem (Theorem @.13). Its proof follows a similar path: we first establish that our logical relation is one of the
equivalence candidates, and then show that well-typed processes are logically equivalent to themselves.

Lemma 5.11. Suppose P~ Q :: z:A[n : w < W']. If, for any Py, we have Py = P then Py =~ Q :: z2A[n 1 w <
w']. Also: if, for any Qo, we have Qo = @ then P =1, Qq :: z:A[n : w <> W'].
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Proof. By induction on the structure of A, relying on Subject Reduction (Theorem [2.11)) and the definition of . O

Lemma 5.12. Suppose P ~1 Q == zA[n : w < W) If- - P 2= P z0(A) and - + Q = Q' = z:w!(A) then
Py Q 2z Alp i w o W),

Proof. By induction on the structure of A, using contextuality of ==. O

Theorem 5.13 (Logical Equivalence is an Equivalence Candidate). Relation P ~;, @Q :: ziA[n s w > Wisan
equivalence candidate at z:0(A) and z:w'(A), in the sense ofDeﬁnition

Proof. Immediate by Lemmas[5.1Tand [5.12] O

The following is a generalization of Lemma[5.12}

Lemma 5.14. Suppose I'; A= P~ Q = z2A[n w < W] I I5AE P2 P 2 zw(A)and ITAE Q = Q'
zw'(A)then Ty A P ryp Qi 2:Alp - w < W'

Proof. By induction on the combined size of I" and A, following Definition and Theorem the base case
uses Lemmal[3.12] O

Theorem 5.15 (Compositionality). Let B be any type. Then, P =~ Q :: z:A{B/X }[n : w <> '] if and only if
~ Q2 A[X = R] : w[X = &(B)] & W'[X = W' (B)]]

where R :: —(B) < W'(B) stands for logical equivalence (cf. Definition .
Proof. By induction on the structure of A, relying on Definition [5.9) O
Theorem 5.16 (Parametricity). If (2; '; A+ P :: z: A then, for all w,w' : 2 and n : w < W', we have

DA O(P) & W'(P) 22 A : w 5 W]
Proof. By induction on the typing, exploiting Lemma[5.11} and Theorems and[5.15] O

We now address the coincidence of barbed congruence and logical equivalence.

Lemma 5.17. Logical equivalence (cf. Definition[5.10)) is a contextual relation, in the sense of Definition [5.6]
Proof. By induction on the clauses of Definition [5.6] g
Lemma 5.18. I[f P~y Q :: z:A[n:w <> | then -+ P2 Q :: 2:A
Proof. Immediate from Lemma [5.12] (which ensures that ~y, respects =) and reflexivity of =, a

Theorem 5.19 (=, implies = - Soundness). If [; A F P ~p Q = z:A[n : w < '] holds for any w,w' : 2 and
nN:w<«w, then ;I AFPX2Q::z:A

Proof. Follows by contextuality of ~; (Lemma [5.17) which allows to simplify the analysis to the case of an empty
left-hand side typing environment. In that point, the thesis follows by Lemma[5.18] g

Theorem 5.20 (= implies ~; - Completeness). If 2; [; AF P> Q :: zzAthen I'; AF Py @ z:A[n : w < W]
Sor some w, W’ : Qandn : w W

Proof. Follows by combining Theorem[5.16]and Lemma|[5.14 0
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Applications. Parametricity allows us to establish interesting behavioral properties of processes merely through typ-
ing. In particular, we can establish representation independence results. For instance, in the boolean server given in
Section [2] where we can show that alternative equivalent implementations of booleans will result in processes that are
behaviorally equivalent to those presented previously. Furthermore, we can appeal to parametricity to characterize pro-
cesses, given their typing. For instance, using parametricity we can show that a session of type z:V.X. X —oX must be
implemented by a process equivalent to z(X).z(z).[z < z|, which makes precise the intuitive interaction of universal
types and linearity (e.g., the only way to produce an arbitrary X is to input a session of that type and then consume it
in its entirety).

6 Encoding System F

We describe the main ideas of a faithful encoding of System F into our polymorphic session-typed m-calculus. The
encoding arises as a natural translation from second-order intuitionistic logic to second-order intuitionistic linear logic,
where we interpret the implication A — B as !A— B (which by propositions-as-types can be read as a translation
from functions to linear functions), and the second-order quantifier is mapped to its respective counterpart in the
second-order linear setting.

The System F syntax is standard: terms M, N consist of functions over terms and types (Az:7 and AX. M, resp.),
and their applications (M N and M]|r], resp.). Types 7, o are functions and impredicative polymorphic quantification
(tr — o and VX.7, resp.), with the usual formation/typing rules. Judgment 2; I" - M:o denotes that M has type o,
assuming the free variables in by I" have the appropriate types, which might have free type variables that are recorded
in (2. In our encoding, we first translate System F into Linear F (a polymorphic linear A-calculus); then, using a
canonical translation from natural deduction to sequent calculus, we interpret the linear calculus in our session-typed
m-calculus. For space reasons, we refrain from detailing on Linear F.

Definition 6.1 (From System F to Linear F). The encoding of System F in Linear F, written [ -], is defined inductively
on types and terms by the rules below:

[r — o] £ ([r])—<]e] [vX.A]  2VX.[A]

[x1 =X [«] 2 Uy

[M NJ ES [M](IND) Az : 7. M] 2 \z: 7] let lug = x in [M]
[AX.M] & AX.[M] [M[r]] = [M][[7]]

The above encoding is a generalization of one of Girard’s original encodings [[16] to the second order setting (in
particular, a call-by-name translation), mapping quantified types to quantified types in the expected way. The following
correctness result follows by induction on typing (we denote by [I'] the pointwise extension of [ ] to I').

Theorem 6.2. If ;"= M : 7 then £2;[I'];- + [M] : [7].

Due to space reasons, we omit the translation from Linear F into the session-typed m-calculus, and present the
translation from System F into the 7-calculus: the composition of [ - ]| with the canonical translation from natural
deduction to sequent calculus.

Definition 6.3 (From System F to Polymorphic w-calculus). The encoding of System F terms in our session-typed
polymorphic w-calculus is given by the following:

[, 2 (oula)fe o 2] [AX.M], £ =(X).[M],
DM, 2 2(2).(vy)([e & 9] | [M]_{y/us}) ML 2 (ve)(IMI, | 2{[r]).le  2))
[M N, 2 (w)(IM],, | (ry)wy).(y(@)[N],) | [w e =)

Theorem 6.4. If (2; 1" = M : 7 then £2;[I'];- + [M], :: z:[7].

Our encoding preserves the operational behavior of call-by-name System F. As expected in encodings of A-calculus
in the 7-calculus, we must characterize (higher-order) substitution in the A-calculus with (first-order) communication
in the m-calculus. To this end, we identify process [M{N/z}], with (vz)([M], | 'z(y).[N],). Following [30l,
we define an auxiliary relation which allows us to identify the A-term M{N/x} with a process that is structurally
equivalent to (va)([M], | z(y).[N],). More precisely:
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Definition 6.5. For a given \-term M and process P, we write M < P if there exist T,u and E such that: P =
(v, 7)([R], | 'u(z).[E],) and M = R{E/%}.

Theorem 6.6 (Operational Correspondence). Let -], be the encoding in Def.

1. If ;' M :7and M — N then [M], —* P such that N < P.
2. If[M], — P then there exists Q and N such that P —* Q, M — N and N < Q.

Proof. By induction on the operational semantics of System F for (1) and on the operational semantics of the -
calculus for (2); see Appendix [C.1]and [C.2]for details.

7 Related Work

Although a number of works have studied polymorphism in the m-calculus, our work seems to be the first one in
developing strong normalization and relational parametricity results for polymorphic session types, by relying solely
on linear logic principles.

Turner [31] investigated a form of polymorphism based only on existential quantification for a simply-typed -
calculus (roughly, the discipline in which types of names describe the objects they can carry). In processes, polymor-
phism is expressed as explicit type parameters in input/output prefixes: messages are composed of a type and values
of that type, and so type variables are relevant at the level of messages. Sangiorgi and Pierce [25] proposed a behav-
ioral theory for Turner’s framework. Neither of these works address termination of well-typed processes nor studies
relational parametricity. Building up on [25], Jeffrey and Rathke [22] show that weak bisimulation is fully abstract for
observational equivalence for an asynchronous polymorphic w-calculus with name equality testing.

In contrast to [31], and as we propose here, Berger et al. [5l6]] proposed a polymorphic 7w-calculus with both
universal and existential quantification. The type system considered in [Sl6] is very different from ours, though: while
we consider session types based solely on linear logic principles, typing in [Si6] relies on a combination of linearity,
so-called action types, and duality principles. As in our case, they prove strong normalization of well-typed processes
using reducibility candidates; however, due to the differences on the typing systems given above, the technical details
of their proof cannot be compared to our developments. In particular, our application of the reducibility candidates
technique generalizes the linear logical relations we have defined in [23]]. While in [S] a relational parametricity
result is reported, in [[6] a behavioral theory based on generic transitions is put forward, together with a fully abstract
embedding of System F. Here again detailed comparisons with our developments are not possible, because of the
different typing disciplines considered in each case.

Previous works on polymorphism for session types include [[14/12/7l32]. Based on the session types discipline
in [13]], Gay [14]] studied bounded polymorphism, i.e., the form of polymorphism in which quantification over types
is limited using subtyping. The bounded polymorphism of [[14]] is associated exclusively to branch and choice types:
each branch is quantified by a type variable with upper and lower bounds; the scope of a variable is a whole branch
of communication. Special types Bot and Top can be used as bounds, thus allowing for some forms of unbounded
polymorphism. Dezani et al. [[12] propose bounded polymorphism for a session-typed, object-oriented language. Dif-
ferently from [[14], the bounded polymorphism in [12] allows to bound all received values in session types. Bono and
Padovani [7]] use unbounded polymorphism in a variant of session types that is used to ensure communication correct-
ness for copyless message passing programs. Independently, Wadler [32] has recently proposed an interpretation of
classical linear logic as session types (along the lines of [9]) which accounts for parametric polymorphism. However,
and in sharp contrast with our work, [32] does not develop the theory of polymorphic session types. In particular,
results of strong normalization via linear logical relations/reducibility candidates and relational parametricity are not
reported in [32]].

8 Concluding Remarks

We have presented a theory of polymorphic session types, which results as the natural generalization of an interpre-
tation of linear logic as session types [8l9]]. In our framework, universal and existential quantification are interpreted
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as a mechanism for type exchange; hence, parametric polymorphism enforces a form of communication of abstract
protocols. We have shown that the polymorphic session calculus is strongly normalizing, and that it enjoys a principle
of relational parametricity. Our framework defines a novel account for polymorphism in a concurrent setting, as it
naturally allows for behavioral genericity, which is well beyond usual genericity in data/values.

Having defined a basis for parametric polymorphism, a promising topic for future work is a precise understanding
of inductive and co-inductive types in a concurrent setting. We would also like to explore subtyping and develop an
understanding of type operators in the style of System F,,, extended to our concurrent setting. Following a different
axis of the A cube, we would like to develop a fully dependent type theory for concurrency, generalizing the work in
[29110] to allow for processes as indices to types.
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Proofs

A1 Proof of Lemma 2.9 (Page

Proof. By simultaneous induction on D and E. The possible cases for D are VR, 1L, IL, cut and cut!. The possible
cases for F are VL, 1L, IL , cut and cut'.

Case: D=VR (X.Dy)and E=VLx A (z. Ey).

D~ z(X).Pyand E ~ 2(A).Q1

cut D (. F) ===cut D1{A/X} (z. Ey)=F by (cut/VR/VL)
Fos (vr)(P{A/ X | Q1)

P =P{A/X}and Q' = Q1

Case: D =1L y D; and F arbitrary.

Dy ~ P by inversion
cut D (z. E) =cut (1L y Dy) (2. E)

=1L y (cut Dy (z.E)) by (cut/1L/—)
= 1Ly F' = F for some F’ ~ (vz)(P' | Q') by i.h.on Dy and F

Fos (va) (P Q)

Case: D =!Ln (u.D’) and F arbitrary.

D'~ P by inversion
cut D (z. E) =cut (ILn (u. D)) (z. E)

=ILn (u.cut D' (z.E)) by (cut/IL/—)
= ILn (u. F") = F for some F’ ~~ (vz)(P' | Q') byih. D' and E

Fos (va) (P Q)

Case: D = cut Dy (n. Ds) and E arbitrary.

A)

Dy ~ PP and Dy ~ P§ and Py “%) P} where

P = (vn)(P| PY) =4 (vn)(Pp | Py*) = P'* by inversion
cut D (z. E) = cut (cut Dy (n. D3)) (z. E)

= cut Dq (n.cut Dy (2. F)) by (cut/cut/—)
= cut D; (n. Fy) = F where Fy ~ (va)(P5® | Q%) by ih.on Ds and F

F o~ (un)(PP | (va)(PS | Q7))
= (va)((vn) (PP | P37) | Q)
= (vz)(P'" | Q%)
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Case: D = cut' Dy (u. Dy) and E arbitrary.

Dy ~ (lu(n).PJ*) and Dy ~~ Py and Py =) Pj* where
P = wu)((tu(n)-PP) | P§) ™S (vu)((tu(n).PF) | Py)
cut D (z. E) = cut (cut' Dy (u. Dy)) (z. E)

= cut' Dy (u.cut Dy (z. E))

= cut D; (u. Fy) = F where Fy ~ (vz)(P5® | Q%)

s (vu)((tu(n).Pr) | (ve)(By" | Q%))
= (vz)((vu)((tu(n).Pr) | B37) | Q")
(va) (P | Q%)

Case: £ =1L n E’ and D arbitrary.

El/ ~ QZ

cut D (z.E) =cut D (z.1L n E')

=1L n (cut D (z. E"))

= 1L n F' = F for some F’ ~ (vz)(P™* | Q%)
Fos (vr) (P ] Q")

Case: E =L n (u.E’) and D arbitrary.

El/ s QZ

cut D (z.E) =cut D (z.!L (u. E')

=ILn (u.cut D (2. E"))

= ILn (u. F') = F for some F' ~» (vz)(P"™* | Q%)
s (va) (P Q7)

Case: F =cut Ey (n. Ey) andz € FV(Ey).

Eq; ~ QF and By ~ Q3 for QF x<—j>4) Q7" where

Q=(m)(@Qf 105 ™ (rm)(@QF | Q3)

cut D (z. E) = cut D (z.cut Fy (n. E3))

= cut (cut D (z. E1)) (n. E3)

= cut Iy (n. Ey) = F for some Fy ~ (vz)(P'" | Q")

Fos (vn)((ve) (P ] Q') | Q3)
= (vz) (P | (vn)(QT" | Q3))
(va) (P | Q)

Case: E =cut By (n.Ey) and z € FV(Es).

E; ~ @V and Ey ~ Q2 for Q2 Q’Z where

Q=(m)(@Q1 @5 "™ (vn)(@Q1 | Q%)

cut D (. E) = cut D (z.cut Ey (n. E3))

= cut By (n.cut D (x. Ey))

= cut Fy (n. Fy) = F for some Fy ~ (vx)(P'® | QF)

s (vn)(QF | (ve)(P™ | Q7))
= (va) (P \ (vn)(QF | Q%))
= (vz)(P™" | Q")

Case: E = cut' By (u. Ey)
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by inversion

by (cut/cut'/—)
Byih.on Dy and E

by inversion

By (cut/—/1L)
by i.h. on D and E’

by inversion

by rule (cut/—/IL)
by i.h. on D and E’

by inversion

by (cut/cut/—) and z ¢ FV (E2)

by i.h. on D and F;

by inversion

by (cut/—/cut) and z & FV (E)

by i.h. on D and F»



x € FV(E3) by inversion

E; ~ (lu(n).QV) and By ~ Q3 for Q3 =) ¥ where

(A . .
Q = (ru)((tu(m)-Q7) | Q3) ™ (vu)((tu(n).-Q) | QF) by inversion
cut D (z. E) = cut D (x.cut' By (u. Ey))
=cut' By (u.cut D (x. Es)) by (cut/—/cut')
= cut' By (u. Fy) = F for some Iy ~ (vz)(P'® | QF) by i.h. on D and E,

= (va) (P | (vu)((tu(n).QT) | Q5))

F s (vu)( ('?(N) 1) | (va)(P™ | Q5))
(va) (P | Q")

A.2  Proof of Lemma 2.10] (Page|[6)

Proof. By simultaneous induction on D and E. The possible cases for D are IR, 1L, !L, cut and cut!. The possible
cases for E are 3L, 1L, IL, cut and cut’.

Case: D=TRAD; andE =3z (X.2. ).

D ~~ I<A>P1 and F/ ~~ QZ(X)Ql

cut D (z. E) ===cut Dy (z. E:{A/X})=F by (cut/3R/3L)
Fos (vr)(Py | @{A/XY)

P =P and Q' = Q1{A/X}

Case: D =1L y D; and F arbitrary.

Dy~ P by inversion
cut D (z. E) =cut (1L y Dy) (x. E)

=1L y (cut Dy (z.E)) by (cut/1L/—)
= 1Ly F’ = F for some F’ ~ (vz)(P' | Q") byih.on D; and E

Fos (va) (P Q)

Case: D =!L n (u.D’) and E arbitrary.

D ~ P by inversion
cut D (z. E) =cut (ILn (u.D")) (z. E)

=ILn (u.cut D' (z. E)) by (cut/IL/—)
= ILn (u. F') = F for some F’ ~~ (vz)(P' | Q') byih. D’ and E

Fos (va) (P Q)

Case: D = cut D; (n. D3) and E arbitrary.

Dy ~ P and Dy ~ P§ and P "%’ PJ* where

P=(wn)(Pr | PF) " wn)(pp | Py) = P* by inversion
cut D (z. E) = cut (cut D; (n. Ds)) (z. E)

= cut Dy (n.cut Dy (2. F)) by (cut/cut/—)
= cut D; (n. Fy) = F where Fy ~ (va)(P5® | Q%) by ih.on Ds and F

Fos (vn) (P | (ve)(Py" | Q%))
= (va)((vn)(P1 | B3") | Q)
(va) (P | Q)

Case: D = cut' D; (u. Dy) and E arbitrary.
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z(A)

Dy ~ (lu(n).Pj*) and Dy ~» P3 and Py "' Py* where
P = () (u(n)-Pp) | P5) ™5 () (tu(n) PP | PF)
cut D (x. E) = cut (cut' Dy (u. D)) (2. E)

= cut' Dy (u.cut Dy (z. E))

= cut Dy (u. Fy) = F where I, ~ (vz)(Py* | Q%)

F o~ (vu)((tu(n).Pr) | (vo)(P5" | Q7))

) |
= (va)((vu)((tu ()n PP BT) | Q)

— (l/.r)(le ‘ Q/z
Case: £ =1L n E’ and D arbitrary.

E/ ~ QZ

cut D (z.E) =cut D (z.1L n E')

=1L n (cut D (z. E"))

= 1L n F’' = F for some F’ ~~ (vz)(P™ | Q%)
Fos (va) (P Q7)

Case: F =!Ln (u. E’) and D arbitrary.

E' ~ @

cut D (z. E) =cut D (z.!L (u. E')

=ILn (u.cut D (z.E"))

= ILn (u. F') = F for some F’ ~~ (vz)(P" | Q%)
s (va) (P Q7)

Case: F =cut Fy (n.Ey)andz € FV(Ey).

E; ~ Q7 and By ~ Q3 for QF z(—é) Q7" where
n z [I/‘(A) n z

Q= (wn)(Qy | Q3) =" (v)(Q1" | @3)

cut D (z. E) = cut D (z.cut Ey (n. E3))

= cut (cut D (I El)) (n EQ)

= cut Fy (n. Ey) = F for some Fy ~ (vz)(P" | Q")

Fos (vn)((ve) (P ] Q) | @3)
= (va) (P | (vn)(QT" | Q3))
(va) (P | Q")

Case: F=cut Fy (n.E>y)andz € FV(EQ).

Ey ~ Q7 and Ey ~ Q2 for Q2 Q'Z where

Q= (vn)(QY | Qz) (Vn)( TQTF)

cut D (x. E) = cut D (z.cut Ey (n. E3))

=cut By (n.cut D (x. E3))

= cut E; (n. Fy) = F for some Fy ~~ (vz)(P™* | QF)

Fs (n)(QF | (va)(P™ | Q7))
= (va) (P \ (vn)(Q7 | @F))
(va) (P | Q")

Case: I = cut' By (u. Ey)

z € FV(Ey)
E; ~ (lu(n).QF) and Ey ~~ Q5 for Q3 =4 % where
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by inversion

by (cut/cut'/—)
Byih.on Dy and

by inversion

By (cut/—/1L)
by i.h. on D and E’

by inversion

by rule (cut/—/IL)
by i.h. on D and E’

by inversion

by (cut/cut/—) and x € FV (E>)

by i.h. on D and F;

by inversion

by (cut/—/cut) and x ¢ FV (Ey)

by i.h. on D and E»

by inversion



Q = (vu)((tu(n)-Q7) | @5) "% (vu)(tu(n).Q7) | Q%) by inversion
cut D (z. E) = cut D (x.cut' By (u. Ey))

= cut' By (u.cut D (z. Es)) by (cut/—/cut)
= cut' By (u. Fy) = F for some Iy ~~ (vz)(P'® | QF) by i.h.on D and Es
F s (vu)((u(n).Q7) | (vo) (P | QF))
= (va) (P | (vu)((u(n).Q7) | QF))
= (vz)(P™ [ Q%)
O
B Proof of Theorem [4.10] (The Logical Predicate is a Reducibility Candidate, Page [T1)
Proof. We proceed by induction on the structure of the type A.
Case: A=X
PenX)(z) by Def.
Result follows by Def. of n(X)(z).
Case: A= A1—A,
T.S: If for all P; such that P == P; we have P; € 7,°[2:A;—0Ay] then
P e Ty¥[z:A1— Ay
STS:VP"y.(P 2L Py = vQ € Tly : Al.(vy)(P" | Q) € T [2:B]
VP (P, 24 Py 5 vQ € TEly - Al (vy) (P | Q) € T [2:B] (a) by Def. 3]
P= P 29 pr by assumption and Def.
p Y pr (b) by the reasoning above
vQ e Ty : Al.(vy)(P" | Q) € T;*[2:B] (c) by (a) and (b)
PeTy [2:A1—0 A5 by (¢), satisfying (3)
TS:If P €Ty [2:A1—0As] then P | P = =) P’ (a) by assumption, for some P’
VQ € T2y - Al.(vy)(P' | Q) € T;[2:B] by (a) and P € T;*[2:A;—0 Ay)]
QU by i.h.
(wy)(P' Q)4 (b) by i.h.
Pl (c) by (b)
Py by (c) and (a), satisfying (2)

TS If P € T;°[2:A1—0Ag] and P = P’ then P’ € T,*[2:A;—0 Ay
Follows directly from definition of weak transition.

Case: A=A, ® A,
Similar to above.
Case: A= A; & A,
Similar to above.
Case: A=A, D A,
Similar to above.
Case: A =14,
Similar to above.
Case: A=VX. A

T.S: If for all P; such that P == P; we have P; € 7,°[2:¥X.A,] then
P € T#[2VX.Ay]

%(B) X+—B
STS:VB, P ,Rlw: B]. (Btype AP 2= P') = Pl e T L [2:A))
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z(B)
VB, P',Rlw: B. (Btype A P 5= P') = P € T 00 L [2:A])

P—p 28 p

P& p

X B
P T e [#4]
P e TV X A

T.S:If P € T°[2:VX.A;] then P |
2(B) X—B
VB,]:, Rlw: B. (Btype AP 2= P') = P € THo 20l o [2:A])
pi p
(XmB]
P e mx»:l)?[w:B]] [2:4]
/

I

Pl

TS If P € 7,°[2:VX.A1] and P = P’ then P’ € T"[2:VX.A{]
Follows directly from definition of weak transition.

C System F Encoding

We need the following compositionality lemma to handle type substitution.

Lemma C.1 (Compositionality). [AM{r/X}], = [M]_{[r]/X}

Proof. Straightforward induction on the structure of M.

C.1 Proof of Theorem [6.6](1)
Proof. Case: (A\x.M)N — M{N/z}
[(Az. M) N], =" (vu)([M], | tu(z).[N],)
Case: (AX.M)[r] - M{r/X}
[(AX.M)[r]], = [M] {[7]/X}
[MIAL7]/X} = [M{r/X}],
Case: M N — M’ N with M — M’
[M],, —* P" with M" < P’
[MN], =" (vw)(P" | (vy)wly).((y(= N]E[z) | w4 2])) = Q

)-
[M' N, = (vw)([M'],, | (vy)w(y)-((y(x)
TS: M'N <« Q

ST.8: Q = (vii, 7)([R]. | 'u(x) [E],) with M’ N :NR{~E/§}
(vul,2')([R],, | tu(x )[[E’]]m) with M’ = R'{E'[x'}

el
i

(a) by Def. of P; € T, [2:VX.A4]
(b) by assumption and (a)

(©)

(d) by (a) and (b)

by (c) and (d), satisfying (3)

(a) by Def. B3

(b) for some P’, B

by (a) and (b)

(c) by i.h.

by (b) and (c), satisfying (2)

by def.[6.3] satisfying def.[6.5]

by def. [6.3]

by Lemma[C.]] satisfying def.[6.3]

(2) by i.h.
by def.[6.3]and (a)

by def. [6.3]

by (a)

Q = (vu)((va, &R, | 'ul@)-[B'L,) | (vghwy)-((y(@) INL,) | [w 4 2])) =

1
(vw,a,&)([R],, | (vy)wly)((y().[NT,) ||
[R' N1, = ()R], | (v)wly)((y(@)-INT,) | fw & 1))
(R'N){E'/#} = R{E'J¥}N = M'N

w < 2]) | lu(z).[E'],)

by def.[63]

satisfying def.[6.5|with R = R' N, E = E' and & = 7'

Other cases follow by similar reasoning.
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C.2 Proof of Theorem[6.6](2)

Proof. By induction on the operational semantics of the 7-calculus and case analysis on def.[6.3] The possibilities for
M are My M and M, [7], otherwise the process in the image of the translation cannot offer a reduction.
Case: M = MM,
[M], = (vw)([M:],, | (vy)wly)-((y(2).[M],) | [w > 2]))
with [M,],, — P

P —* Q" , My — Ny with Ny < Q' for some Q’ (a) by i.h.
M], =" (vw)(Q" | (vy)w(y).((y(x).[M2],) | [w <> 2])) = P by (a)
My My — Ny M, by (a)

S.T.S: Ny My < P’ -
S.T.S: P' = (v, 7)([R], | 'u(x).[E],) with Ny My = R{E/%}

—_—

Q' = (v, ')([R],, | 'u(x).[E],) with Ny = R'{E'/z'} by (a)

P’ = (vu)((vw, &)([R'], | Yu(@).TE),) | (vy)uy)-((y(@).[0a],) | fw > 2) =

(v, o, )R], | rm)wly)-(y(@) [Mol,) | [ 4 2]) | (@) [E'],)

(R 2], = ()[R, | (y)wy)-(Cy().[De],) | [ < =) by def. 63
(R' Mu){E'/3'} = R'{E' 7'} N = N, M,

satisfying def.[6.5|with R = R' N, E = E' and & = 7'
Case: M = My My with My = Ax.M]
[M], = (vw)(w(=).(vy")([z < y'] | [Mi],{y /ua}) | (vy)wly).((y(2).[Me],) | [w < 2]))
[M], == (vy)([M], |'y(2).[M:],) = Q
M = M{{M/z} = N
N < Q immediate by def. [6.3]
Case: M = M,[r]| with [M;], — P

Identical to M = M, M, with a reduction in [M;],.
Case: M = M;[r] with My = AX.M]

[M], = (va)(@(X).[M], | 2([7]).[x < 2])
[M], =~ [Mi] {l7]/ X} = @
= M{r/X} =N

Q = [N], by Lemma [C 1] satisfying def.[6.5]
O
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